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I
SECOND QUANTIZATION

Recap quantum identical particles

His I

we'll
ka
the notation

191 9nF with t Bosons Fermions

where I9 j
j

quantum
t particle j
identical particles we cannot

say univocally
which particle

is in state q
need to consider all
possibilities



F oninanvem.me21

Sadar products need to compute N terms

2 Noparticles fixed how do we create destroy

particles

3 Large portions of Hilbert space dont contain
physical States huge redundancy

More convenient formalism

SECOND QUANTIZATION



Central object Fock Space
3

F Hn
b
Hilbert space of N particles

Obs we introduce also 7to Hilbert space
with N 0

particles

contains the

vacuumof the theory



4In f we define a

CREATIONOPERATOR

at 7In Hm

AtgIq 9N 19 9 y 9nF

attadds a particle with

quantum g at the beginning
of the list q go

In particular

191 9nF aqt atomto
t

unique vacuum

f unique state of2b



5

To guarantee that Iq 9nF system of
N bosons or

fermions we

need

191 i9 91 9nF I Ig g y 9 y 9nF

I
we must have

atatop F atop af O



6
The adjoint of at again in F is the

ANNIHILATION OPERATOR

How does ag act on states

A Start with N and require normalization

Egigilqq5 rz.frK9iaikC9igiD
1919271 9297

Idaiaddigi
g Hari outdate



Now use Lgilaq Egg t
7

Egil9191925 99119,925

Idg g dfg g d 9 94819491

tag qkqilqdtdfg
qkgilgpkgilfdfq.glgatdG9dl9iD

must be 99191925

written in a more compact form

9919925 HI dfg.iq Ig5
state without qi



8
2 Generalization

ag lg qnJ it Sfg g Iq gi GE

t
01g destroys a particle of quantum g

inall possibleways

Special case aglo O



Interesting information comes from the
9

computation of aq atg atag

Ag AtgIq yqD Qq 19,9 9nF

I re habit go on of 19mF
to make contact with previous
notation

it
dfg ga IoT Fi 9nF

I Efg g Iq 9nF

4 dfg g Iqq fi qn5

atop ag liq qn5 atop FET 81g g tgif
I t.fi it

8fq gi l9oi9iF



to

To understand what is going on let's compute

the above expressions explicitly

agatoIq 9nF 819 go 19 9nF 819 9 190,9T'T

819 Igo 925 819 9119595

atg.org q qn5 dfq 9i l9o 9T5tdf9 9z l9oi9z5

81g g Igo 935 t

Thus

aga

signs inverted

atqag 19 9nF dfg 19 igp



H

Morale

Bosons 9g atop 8cg g

FERMIONS Og atg 8cg g



To complete the algebra of creationAnnihilation
operators we can use

191 y9nF atg atgn o

I

191 9 9 y 9N I 91 9 9 in

I
AgtMtg F 9 af O

99 Qq F ag ag o c
h C

Message thealgebraisessentiallytheone
ofanhermonicoscinatory



OBSERVABLES IN Fock SPACE
B

Fundamental theorem

ANY operator 0 can be expressed as a

sum of products of oreetion annilation
operators

D Golgi doin dg doin

Cnn q.gl atqi atginaq aqm

No proof but we'll see some examples
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A Momentum

Idea construct in terms of apt ap
in such a way that

F IF IF P dip f
we want the matrix elements to
be the same since matrix elements

completely determine the operator

claim forgot at aop

check Iftp7 fokgqkptagtagtp
Iforgot dig F 879F't

0 0

845 FK
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2 Externalpotentialinmomentumy

representation

Vhf such that

45 UF IF fd3x UK 45455
cxTp

petffhIy
Claim

I 0 F F
VII Jd3g d3q Off 93 at 9

check using 45 l atop 9921157

off qi offptotz ColoLn
I
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we get

45 l U IF fd3g d3q Off of
8345 gild

3
93to

E FIX

3 Potentialinvolving2partic
Consider VCF ri acts on the

2 particle sector

of F
matrix elements must involve
States of 2 particles



H

EPT.pt VlrTiEHt5ipa5 fVfEiEFqpipsp

Claim

HE r fd3q dsq.ME qggtgajaa9s9a

Check left as exercise



NUMBER OPERATOR
18

Claim the operator

N fdq atgaq
counts the particles present in the state

on which it is applied

check

a N O Ilo 1dg atgaqlo
I 4
0 off

b Nt Nlp 1dg atgaglp
Lr

dfg pyo
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I gag at 81g pyo
tapto
Ilp

Ip eigenstate of it
with eigenvalue I

c N 2

ftp.pzf fdqatgag
pipz5t

fdqatgfdfg pDlpDtdfgpdlPiD

I lp Pe'T I I k Pi'T 2 lP RF
Lt
Ip Rf



lpipe eigenstate of it with
20

eigenvalue N 2

we confirm the TV counts the of
particles in the state it is applied to



QUANTUM FIELDS 21

We start using oils f momentum

Hamiltonian A zEn fd3pzEn Ifaf

How do we pass to position space

Define It Jd3x U Ipta

some weight creation op in
functionthat position space
depends on

both 9 I

Also ang fd3xUg x7 FYI



Properties of 4th

1 from atop atp F af atop O

t
O fd3xd3y u upg1 4 14451 Fifty Ital

must vanish

I
b

It I F ITH ITH 0

4 1 1 147514 1 0

2



2 from oiqottp totpaq dkp.gl

t
845qt fdxdyuffluplylfffxtutg.TTTuttyIFAD

canbe true if
4TH ftp.utpulxt EEyt

folk Uff up dypq f completeness
condition

HI

Message 4 1 defined as above behave like

normal creationannihilation ops



Since the upfill system is complete

f basis we can take it to be also orthonormal

Sopp up u fy7 845 g

But then we can invert

off foPx upCH IthI

multiply by u g and integrate over d3p

VITTI Topp u GI ate

I g fd3p upGtap



What about Hamiltonian

Claim since a I Atys tipi84kg7
then we must have

A fd3x Ital that I
Check easy write 1724751 fd3l FEW

vices

to act with Islet on the right



Connectionbetween

A folk withthatFat

Afd3p In a ap

Start with

AfdsxifthlfhhIIK.lt
fd3xd3poPqupCxlEhaIu

qHD Eptdei

E tETu H 9Eu
fd3pd3q Ifd3xUpEl UFTH En offs ang
I 8345 9



tfd3pzEm off Ip

for the two approaches to be consistent
we need

UpAT solutionwareeguation

equationinposition
representation

In this case up eiPMh
27th312



Heisenberg picture

Until now operators are all time independent

To consider time dependency Heisenberg picture

ihapltl fapN.tt
Iforgot a'pal ottgtttaq.ltEM

Ifopg

If apft IfAl AHH Ifatagita tf2M V
commute

9Efoipottgaq off at a2M If
otpaq oypqlfggffa.at

opatta
to4p oToioff

IEmapAt



Solution ApCH e
i
ap

I e iEftIg
But then

I K H fd3p UpIN apH
I fopp up e

i Eeth gp

This means that

fitz that IkIH foppap fitzthen lupine

Pp Ip Ep ten up EiEptth

I T
O

UTAH satisfies the Schrodinger equation



I txt called QUANTUM FIELD

A DIFFERENT VIEW

Consider classical field 44TH obeying

it h HEH o

for the moment It is just a constant here everything

is still classic

The Eq of Motion can be derived from the action

S fd4x FM Iihfthat4TH
L



We now quentize this action using
canonialquentination

Strategy 9 Compute conjugate momentum

a x SI
Sui

2 Promote 4kt TIKI to operators

4THTIKI 4TH IAB
3 Impose Comm relations

4THFlyD it 83ftg

Conjugate momentum Thx it 4 11

6mm relations IN Tip fit84kg
FfKl TuttyF 84kg7

same result as before



Message

Second quantization in position space is

the quantum theory of the field 41 1
quantized according to canonical quantization
and described by a Lagrangian

L titlingthan 4

Thus

Second quantization Quantum field

theory



RELATIVISM.CO
ANTUMFiELDS

We have seen that the KG Dirac egs
do not make sense as relativistic one particle
wave equations We can however use them

in second quantization as wave equations

of quantum fields

How 1 Define operators ftp.o via

Ipo ftp.oloy

2 Define quantum fields Tok via

hit fd3p UpKT Ap
satisfies the wave equation



ThespinOfieldlmassive
In this case only F o allowed

Ip Atto

Lorentz transformation

IN Ip f
p

Mp because thereis

use 1
hoo quantum

Ntfs a lap

But then from

WallD U a off to

Iftalata CABINto
take vacuum T lo
to be invariant



in ul

we obtain

UYNatpUYN ff.FI atap
tr
rule
for the creation op

Field operator take up satisfying

the KG equation

4
we can take a plane wave

Up eipx
12

IE ftp zeiP oipAI



How does To transform under a

Lorentz transformation

We use

Uncalatpuityftp.Iatap

datapittaFftp.Iaap
Then

and aim f am a ai

i r a



I call q Ap and use

dwP 0131

Wg

ai

ftp wgeikItxoi
I

Tola x

exactly the transformation we

would expect from a solar field



Timed
Since we know that To H must satisfy
the KG equation we obtain

0 ft EI ni To Hit

tfdffpneitxfoipftltfffmya.tt

Solution
must be o

dpftl eiwptaptl eiwptq.fi

T T
positive negative
energy energy

with wp fEmT



But then the solar quantum field is

IN f p
off e ilwptp.is

off et
ilwpt ipx.ly

a
wienie ftp.u

fIIfpazfqfapHeiMtaefeiPxJ

d
normalization ensures that

HEH GdD i 84kg7



Negaliveenergiesdoutiparh.de

Negative energy part of field

otpfleilwpttp.it

Stackelberg 1941 Feynman 1948

having a particle with E up
moving famedin time is equivalent
to have a particle with E twp
moving backward in time

eiWpt e
if up t

e
i Wp ft

negative
energy

Tack
ward in time



Apartidemovingbackwardintime

iswhetweallantipartidemovi
feline

It can be shown that if the particle
has electric charge q then the antiperti
de hes electric charge g
Automatically the antiparticle must have the

same mass as the particle



1 4

time particle with antiparticle
ECO going E o moving
backward forward in time

clear that

off destroys portide with Eco
11

create antiparticle IE o

11

tbp
we use bpt because it's not a particle
bei created thus I need another operator



Fieldtheorgdescription

EoM KG equation E m2 f o

comes

L lot Feni to lotfDtmH

We can now finally explain why we

use the her
yalization

factor

Look atthe Hamiltonian
equivalent 00 component
energy momentum teaser



I folk fief At Tot LED
Explicitly to compute IT more

convenient to rewrite

L as

L ftp.mgpf.byarts2pot2pof
m9dl2t

liof h7of mYoll
I

TT off Iot Tht
offed of



Putting all together

H fdsxfzliof
loifHIoftmlotftfdsxfiof.it

ftm4ollJ

Now write

ffffpizfwp
dpeiwteipiebpteiwpteip.iq
w

fat Fifi
change I

f pk tapAt ItpAt eiF



Using this easy to compute that

A fd3p WE aptoip ib.pbtp afb.io bitof

w
from top

t.I.iiiii.ii.ir

fd3pwp atpap tb pb.pt

age again F s f
d p wp atop tbpjbtp



usetbp.bgf 8fp gIfd3pwpfatpap
ibtpbp 8361

i t i
Npfer Np fr Vaugh
particles antiparticles

the factor pin the field allows

for the correct energy normalization



ThespintkfieldCmassivel
we procede analogously to the spin o

field but now there is a non trivial

Lorentz transformation

I callper ftp.IEDrr lap
o

Rotation matrices
f spinor

representation

in 2 dim of So 3

Quantum field almost as before

togic must be a simultaneous

solution of the KG
Dirac equations



eg

ng l

4 47 1 dzpntzrw EfufapeHtvprspteiPxJ
TT

sum over
Must satisfy the

spins Dirac eg
OE t

up up are the positivenegative
energy spinors we have already

computed



Thephotonfielde

What is the wave eg for a spin I field
We can procede as usual we know

that St is contained in the

Lorentz representations

1 o 4µF antisymmetric

ft E Ion

oil ffi antisymmetric



Again we apply top in all possible ways

proffradu
proteinaol.KEEIIIIII.pro

v fuq aqwcenentery
Then pHftp.u O apn

opesymmYsym.ff2Mlq
o

and

ftp.uu FICppolu pvopd aolv
a

prof pitstop lov
w



E a oleo
twist

is KG if we take a m2

To make contact with usual notation we

redefine
4µV atom

in such a way that

µ 2pdu 2dm wave egs for
2k1gr melov s 1 particle

In the m o limit

2k1gr o Matina



What about the photon quantum field

We would like

Ar ftp.zrf.EE apeiPx
h

quhtfpyatpe.IM

with Gui
4 vectors

satisfying Maxwell eg

A Satisfyingly
p.ME fp7

O2

Haviiga4
vectorisi.mpossiblet

Why



Remember that we have found that
the polarization vectors transform
under a Lorentz tr as

AE
Eff

Et Cap tf Np

rotation of little
group

Eh einO IAthCap t fn p
What about the creation annihilation ops
Remember that

aUTAIph eihfwa.lap hWp

h helicity



in such a way that
A

vital afat IN eh ftp.nfwWp
and

fI th oip.hu th Eihda
pn FAwp



Putting all together

UTNAriiht ffifpntfwp.EE

An

ME
Bp Eihoeipx

Eµh atheihoeipx

use

e ihoqhfpf h 7y.VE't tf Pr
call q Ap
use d

off KorianftEnaut



We get

UTAAnant A tu Att Ntheta
j

horrible function
that depends on

f etc

But this is a gauge transformation



Conclusions

A Impossible to describe a photon Roloff
with a 4 vector the Lorentz tr
involves also a gauge transformation

2 Maxwell eg 2AFpu o

is the only wave eg invariant

under gauge transformation

there is really no other possibility

that obtain EM for a massless
photon



3 The same reasoning applies for a

spin 2 particle f graviton
The resulting theory is General

Relativity


